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Phase transition in a triplet process
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We argue that the reaction-diffusion process 3A→4A,3A→2A exhibits a different type of continuous phase
transition from an active into an absorbing phase. Because of the upper critical dimensiondc>4/3 we expect
the phase transition in 111 dimensions to be characterized by nontrivial fluctuation effects.
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The classification of continuous phase transitions far fr
thermal equilibrium is one of the most challenging tasks
modern statistical physics@1#. Within this field many studies
are concerned with phase transitions from a fluctuating
tive phase into one or several nonfluctuating absorb
states, which are believed to be associated with a finite n
ber of universality classes@2#. For such a phase transition t
occur it is necessary that~a! at least one absorbing state
dynamically accessible,~b! there are two competing pro
cesses for particle creation and removal, and~c! there is a
mechanism which prevents the particle density from dive
ing.

In many cases, the critical behavior close to the transit
is characterized by simple power law scaling. In sufficien
high dimensions the critical exponents are given by th
mean-field values, whereas below a certain upper critica
mensiondc fluctuation corrections have to be taken into a
count, leading to nontrivial exponents and scaling functio
For this reason the study of fluctuation effects in low dime
sional, especially~111!-dimensional systems is particular
interesting.

The most important universality class of absorbing ph
transitions is directed percolation~DP!, which occurs in
all processes following the reaction-diffusion schem
A↔2A,A→B. The critical exponents, especially in one sp
tial dimension, are known to a very high precision@3#. The
critical behavior of DP can be described in terms of a ren
malizible field theory which was originally introduced in th
context of high energy physics@4#. DP is relevant for experi-
mental applications such as catalytic reactions@5#, flowing
sand@6#, and spatiotemporal intermittency of magnetic flui
@7#.

The other established class is the parity-conserving~PC!
universality class. This type of critical behavior is observ
in a large variety of models which can be divided into tw
groups. The first group includes all parity-conserving parti
processes@8–11# such as branching-annihilating rando
walks with two offspringA→3A,2A→B. The second group
of models comprises spreading processes with two symm
ric absorbing states, including kinetic Ising models@12#, in-
teracting monomer-dimer models@13#, as well as generalized
versions of the Domany-Kinzel model and the contact p
cess@14#. In higher dimensions the second group of mod
describes branching-annihilatinginterfacesand can be asso
1063-651X/2002/66~2!/025101~3!/$20.00 66 0251
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ciated with the voter universality class@15#. Only in 111
dimensions the two classes of models exhibit the same
of critical behavior.

Recently the pair contact process with diffusion~PCPD!,
also called annihilation-fission process, attracted consi
able attention. The PCPD is abinary spreading process fol
lowing the reaction-diffusion scheme

nA→~n11!A, nA→mA, ~1!

with n52,m<1. It exhibits a continuous phase transitio
and thus could serve as a candidate for another indepen
universality class. The PCPD was already suggested in 1
by Grassberger@16#, but it took almost 20 years unti
Howard and Ta¨uber presented a first systematic study o
bosonic variant of the process@17#. Using field-theoretic
methods they were able to prove the existence of a ph
transition, although the corresponding field theory turned
to be unrenormalizable. More recently, several authors s
ied various fermionic variants of the PCPD@18–25#. Mean-
while there is a general consensus that the critical beha
of the PCPD is different from all other previously know
universality classes. However, it turned out to be extrem
difficult to estimate the critical exponents in a reliable wa
mainly because of unusually strong deviations from ordin
power-law scaling.

In the present study we investigate the question whe
further different types of critical behavior will emerge forn
.2. In particular we will focus on the casen53, called
triplet process. As will be shown below, we argue that t
process exhibits yet another different type of critical beh
ior.

(a) Mean field approximation. In order to determine criti-
cal dimensiondc and the mean field critical exponents of th
reaction-diffusion process~1! for generalm,n, let us con-
sider a simple mean field theory. We expect this process t
described by the Langevin equation

] tr~x,t !5arn~x,t !2rn11~x,t !1D¹2r~x,t !1z~x,t !,
~2!

which for n51 reduces to the well-known Langevin equ
tion for DP @26#. The first term accounts for both particl
creation and removal so that the parametera plays the role of
the reduced spreading probabilityp2pc . The second term is
©2002 The American Physical Society01-1
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the most relevant contribution preventing the particle den
from going to infinity, while the third term describes neare
neighbor diffusion.

The noisez(x,t) takes the stochastic nature of partic
creation and removal into account. Its amplitude has to
pend on the local densityr(x,t) since in the absorbing stat
r50 there are no density fluctuations. Thus it is near at h
to expect noise correlations of the form

^z~x,t !z~x8,t8!&5Grm~x,t !dd~x2x8!d~ t2t8! ~3!

with an unknown exponentm. For DP (n51), where the
squared noise amplitude is proportional to the density of p
ticles, this exponent is given bym51. For n.1, however,
the situation is more involved. Without the branching pr
cess, i.e., deep in the inactive phase, the squared noise
plitude is proportional to] tr(x,t), hencem5n. At the tran-
sition, however, the branching process may lead to posi
correlations among the particles, increasing the intensity
the noise and thereby reducing the value ofm. At criticality
we therefore expectm to be in the range

1<m<n. ~4!

Solving the stationary mean field equation 05arn2rn11 we
obtain the stationary densityr5a, hence the critical point is
ac50 and the density exponent isbMF51. At the mean field
critical point the full Langevin equation should be invaria
under the scaling transformation

x→Lx, t→Lzt, r→L2xr, ~5!

where L is a dilatation factor whilez5n i /n' and x
5b/n' are quotients of the three standard critical expone
Comparing all terms except for the noise, scaling invaria
implies thatz52 andx52/n, i.e.,

bMF51, n'
MF5n/2, n i

MF5n. ~6!

Moreover, we can check the relevance of the noise te
which is responsible for fluctuation effects. By simple pow
counting we find that the noise is relevant below the up
critical dimension

dc521
422m

n
, ~7!

FIG. 1. One-dimensional triplet process at criticality starti
with a fully occupied initial state.
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while it is irrelevant abovedc where the mean field expo
nents~6! are expected to become exact. For DP (n5m51)
we obtain the well-known resultdc54, while for the PCPD
the upper critical dimension has to be in the range 2<dc
<3. This result is in agreement with recent numerical fin
ings by Ódor et al. @25# suggesting thatdc52.

As the main observation, which triggered the pres
work, we note that the upper critical dimension for thir
order processes (n53,m,n,1<m<3) is larger than 4/3.
Consequently, in 111 dimensions such a triplet process~TP!
should still be characterized by nontrivial fluctuation effec
Moreover, the density in the inactive phase is known to
cay asr(t);(ln t/t)1/2. This type of decay in the absorbin
phase differs from all other previously known universal
classes of phase transitions into absorbing states, sugge
that also the transition itself should belong to yet anot
universality class.

(b) Numerical simulations. In order to study the triplet
process numerically, we introduce a fermionic variant of t
reaction-diffusion process~1! with n53 and m52. It
evolves by random-sequential updates and is defined by
following dynamic rules:

BA→AB with rate ~12p!/2,

AB→BA, ~12p!/2,

AAA→AAB, ~12p!/2, ~8!

AAA→BAA, ~12p!/2,

AAAB→AAAA, p/2,

BAAA→AAAA, p/2.

A typicial space-time plot of the process at criticality
shown in Fig. 1. As can be seen the process generates
tiotemporal structures, possibly indicating the presence
fluctuation effects. Note that we tuned the rates for diffus
and particle removal in the same way as in Ref.@23#.

Performing standard Monte Carlo simulations~see, e.g.,
Ref. @2#! we find clear evidence for a continuous phase tr

FIG. 2. The density of particlesr(t) times td (d50.32) as a
function of time forp50.6855, 0.6853, 0.6851, 0.6849, and 0.68
from top to bottom, averaged over 1500 runs on a system with 4
sites. The best straight line is obtained ford50.32 andp50.6851.
1-2
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sition between an active phase, where the density of parti
is asymptotically constant, and an inactive phase, where
particle density decays algebraically with logarithmic corre
tions. Assuming that the critical behavior at the transiti
obeys simple power law scaling we find the critical thresh
pc50.6851(4)~see Fig. 2!. As in the PCPD, there are stron
corrections so that the scaling regime, if existent at all, is
reached before 104 time steps. Averaging over many inde
pendent runs in the time interval 104,t,106 we estimate
the critical exponents by

n i52.5~2!, z51.75~10!, d5b/n i50.32~1!. ~9!

Similar exponents were obtained in other variants of the t
let process withm,n53 ~not reported here!. In all cases the
estimates differ from the mean field~MF! exponentsn i

MF

53, zMF52, anddMF51/3, leading us to the conclusion th
critical behavior of the 111-dimensional TP is indeed cha
acterized by nontrivial fluctuation effects. As expected, th
deviations are quite small~less than 20%) since the simula
tions are carried out close to the upper critical dimension

We note that our results are not accurate enough to do
lessly confirm the validity of power-law scaling over a lar
range. As our simulations seem to reach the scaling reg
s
e,
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only after 104 time steps, the accuracy of our estimate forpc
is limited as well. In addition, the asymptotic power-law b
havior may be shadowed by logarithmic corrections wh
are also present in the inactive phase. Finally, as in the c
of the PCPD, the assumption of simple power-law scal
and the concept of universality may be questioned a
whole. Nevertheless, we believe that the MF arguments
the numerical evidence are strong enough to conclude
this model exhibits a different type of critical behavio
where fluctuation effects are likely to play an important ro

Regarding the limited accuracy of numerical simulatio
a major drawback could be the definition of the model a
fermionic reaction-diffusion process with four-site intera
tions. A bosonic variant with two-site interactions is cu
rently under investigation. Moreover, it is important to dete
mine the exponentm in the noise correlator. Preliminar
simulations suggest a value close tom'2. Finally, the influ-
ence of the diffusion rate has to be studied systematicall
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